However, CE-OFDM is a nonlinear modulation and receivers based on phase demodulation can be far from optimum. In this paper we study analytically the optimum asymptotic performance of CE-OFDM schemes. It is shown that the optimum performance of CE-OFDM can be substantially better than the performance of ideal linear OFDM schemes, especially for frequency-selective channels.
I. INTRODUCTION
Thanks to their facility to combat the multipath phenomena and good spectral efficiency, orthogonal frequency division multiplexing (OFDM) schemes [1] (and variants of those techniques such as discrete multitone (DMT)) are widely used in a large range of wireline systems (such as asymmetric digital subscriber line (ADSL) [2] and power line communications (PLC) [3] ), and wireless systems (such as satellite communications [4] , digital video broadcasting (DVB) [5] , wireless local area networks (WLAN) [6] and cellular networks [7] ). However, OFDM signals present large envelope fluctuations and high peak-to-average power ratio (PAPR), which makes their amplification a challenging task, since quasi-linear amplifiers with large input back-off (IBO) and, consequently, low amplification efficiency, are required at the transmitter. This is especially important in satellite communications, where the power consumption of the power amplifier (PA) should be as low as possible. To overcome this problem and mitigate the high PAPR of OFDM signals, many techniques have been proposed over the last 20 years (see [8] , [9] and the references within). Although these techniques can effectively reduce the PAPR of the transmitted signals, they introduce other problems as nonlinear distortion [10] , [11] or high complexity [12] . Moreover, a quasi-linear amplifier is still required with almost all these techniques.
Recently, constant envelope OFDM (CE-OFDM) techniques [13] - [15] were proposed as solutions to minimize the PAPR. In fact, CE-OFDM signals have a PAPR of 0 dB, since they are the output of a phase modulator that uses original OFDM signal as modulating signal. Consequently, these constant envelope signals can be amplified by low-cost and highly efficient strongly nonlinear PAs such as the ones of class D, E, F [16] .
The main problem associated to CE-OFDM techniques is that a phase modulator is a nonlinear device, which can lead to substantial nonlinear distortion on the transmitted signals that can be traduced by both in-band and out-of-band distortion, which can lead to degradation in both the bit-error-rate (BER) performance and the spectral efficiency. Although receivers based on a phase demodulator (as the ones proposed in [13] - [15] ) might overcome in part the problems associated to inband distortion, they might be far from optimum for CE-OFDM signals with high phase excursions. Since CE-OFDM signals with high phase excursions have better immunity to noise and, therefore, higher power efficiency, it is desirable to consider alternative detection procedures for CE-OFDM.
Recent results have shown that nonlinear distortion has useful information on the transmitted signals that can be employed to improve the performance, provided that an optimum detection is considered [17] - [19] . Due to the extremely high complexity of the optimum receiver, it is difficult to obtain its performance even when the OFDM signals have a small number of subcarriers. In this paper, we derive the optimum asymptotic gain associated to CE-OFDM signals in both additive white Gaussian noise (AWGN) channels and frequencyselective channels with Rayleigh fading. It is shown that this asymptotic gain provide substantial BER improvements especially when the diversity effect inherent to the nonlinear distortion is taken into account in the case of frequency-selective channels. This paper is organized as follows: CE-OFDM signals are discussed and characterized in section II. Section III presents a study of the optimum detection of CE-OFDM signals both in AWGN channels (Subection III-A) and in frequeny-selective channels (Subsection III-B). Section IV concludes the work.
Throughout the paper we consider that: bold letters denote matrices or vectors and italic letters denote scalars. Capital letters are associated to the frequency-domain and small letters are associated to the time-domain. ||X|| denotes the Euclidean norm of the vector X and (⋅) denotes the transpose operator. The probability density function (PDF) of the random variable is denoted as ( ) and [⋅] is the expectation operator. Fig. 1 shows the CE-OFDM transmitter considered in this work. The complex data symbols to be transmitted within an OFDM symbol are represented by S = [ 0 1 ...
II. SYSTEM CHARACTERIZATION
is a quadrature phase shift keying (QPSK) symbol in the form = ±1 ± . The correspondent timedomain samples s = [ 0 1 ... −1 ] ∈ ℂ are given by the inverse discrete Fourier transform (IDFT) of S. To guarantee that phase modulator's input is real-valued, the data symbols to be transmitted verify the following relation
i.e., the vector S = [ 0 1 ... −1 ] ∈ ℂ has Hermitian symmetry. Additionally, we consider an oversampling operation by a factor of , that is achieved by augmenting the block S with ( − 1) idle subcarriers at its edges. It is very well known that when is high, the time-domain samples of an OFDM signal s = [ 0 1 ...
−1 ] ∈ ℂ have Gaussian nature and can be modelled by ∼ (0, 2 ), that is distributed according to the following PDF
where
In CE-OFDM schemes, these time-domain samples are submitted to a phase modulator, that is characterized by the function
where ℎ = ℎ/ is the normalized modulation index. Thanks to the Gaussian nature of the time-domain samples s
, the Bussgang's theorem [20] can be employed to represent the phase modulator output y = [ 0 1 ...
−1 ] ∈ ℂ as the sum of two uncorrelated terms: a scaled replica of the input and a term that concentrates the nonlinear distortion,
where the scale factor is given by
and represents the nonlinear distortion term associated to the th time-domain sample. The frequency-domain version of phase modulator output is Y = [ 0 1 ...
−1 ] = DFT(y), whose the th element is
The CE-OFDM signal passes then through a channel characterized by the frequency-domain block
When AWGN channels are considered, we have | | 2 = 1 ∀ . When the channel is frequency-selective, it is characterized by uncorrelated Rayleigh multipath components that are normalized to assure that
, whose the element at the th subcarrier is
III. OPTIMUM DETECTION OF CE-OFDM SIGNALS Since CE-OFDM signals can be regarded as a kind of phase modulation, it is natural to consider a receiver based on a phase demodulator. Although this approach works well for small values of ℎ (i.e., for signals with small phase excursions) combined with high signal-to-noise ratio (SNR) levels, it is clearly not suitable for high values of the ℎ factor since it leads to phase excursions beyond 2 . Therefore, if we want highly power efficient CE-OFDM schemes we need to consider a different detection procedure. In the following we will study the optimum performance of CE-OFDM signals.
OFDM or OFDM-based signals often suffer from nonlinear distortion. CE-OFDM signals are naturally in these conditions, since they can be seen as a nonlinear transformation of the conventional OFDM signals. This type of distortion leads to the existence of in-band distortion and out-of-band distortion. While the out-of-band distortion can be mitigated through a filter, the in band distortion is seen as noisy term that can severely degrade the BER. To reduce these degradations, the Bussgang noise cancellation (BNC) receivers were proposed [21] , [22] . However, as their performance is conditioned on the estimation of the nonlinear distortion, it can be very low, especially in the low SNR region.
Altough surprising, it was recently demonstrated that the nonlinear distortion has information on the transmitted signals that can be used to improve the performance, if an optimum detection is employed [17] - [19] . In these works, it was verified that the performance of nonlinear OFDM schemes can be even better than that of conventional receivers used in linear OFDM schemes. However, due to the very high complexity of the optimum receiver, it is not easy to obtain its performance, since it must compare the received signal with all the possible transmitted signals, which becomes impractical even when the number of subcarriers is low. Nevertheless, the asymptotic optimum performance can be studied, since it is related to the pairwise error probability (PEP) between two signals, that in turn depends on the Euclidean distance between them. In this section, we present a study on the asymptotic optimum performance of CE-OFDM based on the Euclidean distance between ...
...
, whose the correspondent original OFDM signals
(1) 1
1 ...
The squared Euclidean distance between S
(1) and S (2) is given
is the average bit energy. After the phase modulation process, the squared Euclidean distance is
where 2 "continuous" part of the distance represents, i.e., it is related to the nonlinear distortion terms and 2 is the "discrete" part of the distance associated to the subcarriers that have bit differences. The asymptotic gain associated to the optimum detection is given by
where is the "discrete" part of the asymptotic gain and is the "continuous" part of the gain. The theoretical expression for the average value of (11) considering real-valued, Gaussian multicarrier signals distorted by a given nonlinearity (.) is [19] [ ] = [
where 2 adj is the squared absolute value of the difference between two adjacent QPSK symbols. The function ( ) represents the phase modulation process (see (3)) and ′ ( ) is its derivative. Fig. 2 shows the evolution of the average asymptotic gain [ ] with 2 ℎ obtained both theoretically with (12) be noted that (12) is an accurate expression to evaluate the average asymptotic gain. Moreover, one can conclude that the optimum performance of CE-OFDM signals is strongly related with the modulation index ℎ . It worth to mention that when 2 ℎ is low there is not a gain but a degradation instead, that is explained by the high power associated to the DC component at the output of the phase modulator. However, when 2 ℎ increases, the power of the DC component decreases and the magnitude of the nonlinear distortion effects increase, which leads to the existence of gains. Although not mandatory when we are considering optimum detection, we also consider a modification of (3), where the phase is clipped to [− max , max ]. In these conditions, the low complexity receivers based on a phase demodulator proposed in [13] , [14] can be used, since this operation avoid phase excursions over ± . The figure confirms that even in these conditions potential asymptotic gains can be observed. The asymptotic BER associated to the optimum detection of CE-OFDM signals can be obtained by averaging the Euclidean distance between a large number of CE-OFDM signals, i.e.,
where 0 is the noise variance and S denotes the average value over several random data sequences. It should be noted that when the transmission is linear, we have
and (13) . Fig. 3 shows the optimum asymptotic BER computed as in (13) be noted that the high potential asymptotic gains are traduced in considerable BER improvements as long as 2 ℎ becomes greater than 1.0, which is also observed in Fig. 2 , where it can be noted that the average value of the asymptotic gain is higher than 0 dB when 2 ℎ > 1.0.
B. Frequency-selective channels
Let us now study the asymptotic gain associated to the optimum detection of CE-OFDM signals when the channel is frequency-selective and is characterized by the following impulsive response
where and are the power and the delay of the th ray, respectively, and (⋅) is the Dirac delta function. The corresponding channel frequency response is the Fourier transform of ℎ( ), given by
The channel frequency response associated to the th subcarrier is
where is the duration of the OFDM symbol. As we consider Rayleigh fading in each multipath component, i.e., ∼ (0, 2 ) (with 2 = 1 for = 0, 1, ..., − 1), we have ∼ (0, 1). Our goal is to compute the squared Euclidean distance
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In these conditions, the potential asymptotic gain associated is
Indeed, due to the statistical properties of the channel frequency responses , we cannot obtain a fixed value of the asymptotic gain but only its distribution. In [19] , this distribution was derived for real-valued, Gaussian multicarrier signals considering an arbitrary nonlinear function,
where ( , , ) is the Kummer's function of the first kind [23] . Fig. 4 shows the distribution of the asymptotic gain associated to the optimum detection of CE-OFDM signals obtained both by simulation and theoretically with (19) . The OFDM signals have = 512, = 4 and 2 ℎ = 0.75 and 2 ℎ = 1.5. The frequency-selective channel has = 32 multipath rays. From the figure it can be noted that the accuracy of (19) is high. As in the case of the ideal AWGN channels, the asymptotic gains tend to increase when the normalized modulation index increases, i.e., when the magnitude of the nonlinear distortion effects increase. figure, one can observe high potential BER improvements. The performance can be even better than the performance associated to linear OFDM transmissions. It should be mentioned that in frequency-selective channels, the performance improvements can be even higher since the optimum receiver can take advantage of the correlation between the subcarriers (an inherent diversity effect caused by the intermodulation) at the output of the phase modulator. In these conditions, the dependence with the subcarriers in deep fade is reduced and the performance can be substantially improved.
IV. CONCLUSIONS
In this work we studied the optimum detection of CE-OFDM signals in both ideal AWGN channels and frequencyselective channels. We showed that the nonlinear distortion inherent to the phase modulation operation in CE-OFDM transmitters can be employed to improve the performance, provided that an the optimum detection is considered. For this purpose, we derived theoretical expressions for the average asymptotic gain in AWGN channels and the distribution of the asymptotic gains when the channel is frequency-selective. It was showed that CE-OFDM with optimum detection can even outperform conventional linear OFDM schemes.
